There is a simple formula -the Macdonald equation -for the generating series of the Euler characteristics of the symmetric powers of a space: it is equal to the series (1−t) −1 = 1+t+t 2 +· · · independent of the space, raised to a power equal to the Euler characteristic of the space itself. Equations of a similar kind for other invariants ('equivariant and generalized Euler characteristics') are called Macdonald type equations. This survey discusses different versions of the Euler characteristic in the equivariant setting and describes some of their properties and Macdonald type equations.
Introduction
One of the simplest invariants of a topological space (a sufficiently nice space, say, homeomorphic to a locally compact union of cells in a finite CW-complex) which is connected with a large number of other invariants is the Euler characteristic. It plays an important role, in particular, in the theory of indices of singular points of vector fields (via the Poincaré-Hopf theorem), in the theory of characteristic numbers, and so on. A generalization of the notion of the Euler characteristic to the equivariant setting, that is, to spaces with the action of a group (say, a finite group) is far from unique. There are several approaches to such generalizations. For example, in [57] and [58] the equivariant Euler characteristic was defined as an element of the ring of representations of the group. In [55] it was defined as an element of the Burnside ring of the group. In [44] a somewhat refined version of this definition was used, where the equivariant Euler characteristic takes values in a group (rather than a ring) depending on the space (more precisely, on the set of connected components of the subspaces of fixed points of subgroups of the group under consideration). From physics ( [20] , [21] , [2] , [39] ) came the notion of the orbifold Euler characteristic. It was generalized to orbifold Euler characteristics of higher orders [2] , [54] .
The main property of the Euler characteristic is its additivity. On some classes of spaces there are additive invariants other than the Euler characteristic, and they can be regarded as generalized Euler characteristics. For example, the class of a variety in the Grothendieck ring of complex quasi-projective varieties is a universal additive invariant ('the universal Euler characteristic') on the class of complex quasi-projective varieties.
There is a very simple formula for the generating series of the Euler characteristics of symmetric powers of a space [45] . Namely, it is equal to the series (1 − t) −1 = 1 + t + t 2 + · · · , raised to a power equal to the Euler characteristic of the space itself.
Here we discuss different versions of the Euler characteristic in the equivariant setting and describe some of their properties. In particular, we discuss analogues of the Macdonald equation for different equivariant generalizations of the Euler characteristic.
Euler characteristic and the Macdonald equation
Let X be a sufficiently nice locally compact topological space. The condition of being 'sufficiently nice' should guarantee, in particular, that the (co)homology groups of the space (with coefficients in any field) are finite dimensional, with only a finite number of them distinct from zero. For example, one can consider spaces homeomorphic to locally compact unions of open (!) cells in finite CW-complexes, or complex quasi-projective varieties, 1 or subanalytic sets, and so on. The Euler characteristic of a space is defined as the alternating sum of the ranks (dimensions) of the (co)homology groups:
(this sum is finite). If X is a finite CW-complex (and consequently, a compact space), then its Euler characteristic is equal to the alternating sum of the numbers of cells of different dimensions. For a non-compact space the Euler characteristic (1) depends on the type of cohomology under consideration: the usual cohomology or cohomology with compact support.
The Euler characteristic defined in terms of the usual cohomology groups is a homotopy invariant of the space. However, for a space which is a (locally compact) union of open cells in a finite CW-complex, it is not, in general, equal to the alternating sum of the numbers of cells of different dimensions. For example, the open interval (an open cell of dimension one) is homotopy equivalent to a point and therefore its Euler characteristic (defined in the manner indicated) is equal to one, whereas the alternating sum of the numbers of cells is obviously equal to minus one.
The Euler characteristic defined in terms of the cohomology groups with compact support, namely,
is not a homotopy invariant. For example, the Euler characteristic of the open interval, defined by (2) , is not equal to one (as for a point), but rather to minus one. On the other hand, it possesses the following remarkable additivity property.
Proposition 1. Let Y be a closed subset of the space X (also sufficiently nice). Then χ(X) = χ(Y ) + χ(X \ Y ).
Proof. The equation (2) can be rewritten in the form
where X * is the one-point compactification of X and * is the added point. The exact cohomology sequence for the triple (X * , Y * , * ) implies that
Corollary 1. For a space homeomorphic to a locally compact union of open cells in a finite CW-complex, the Euler characteristic defined by (2) is equal to the alternating sum of the numbers of cells of different dimensions.
One also has the converse statement to Proposition 1. 
Remark 1. Proposition 2 can be reformulated in the following way. If I is an additive invariant (on the class of spaces homeomorphic to locally closed unions of cells in finite CW-complexes) with values in an Abelian group R, then there is a unique Abelian group homomorphism ϕ : Z → R such that I( · ) = ϕ χ( · ) . If R is a ring and the invariant I is also multiplicative (I(X × Y ) = I(X)I(Y )), then ϕ is a ring homomorphism.
For compact topological spaces (in particular, for finite CW-complexes) the Euler characteristics defined by (1) and (2) coincide. One also has the following statement.
Proposition 3. The Euler characteristics defined by the equations (1) and (2) coincide for complex quasi-projective varieties.
Proof. In the framework of this proof we denote by χ c ( · ) the Euler characteristic defined by (2) , and by χ nc ( · ) the Euler characteristic (1) defined in terms of the usual cohomology groups. Let X be a complex quasi-projective variety, S its set of singular points, U = X \ S the set of non-singular points, and T a tubular neighbourhood of the subvariety S. The additivity of χ c ( · ) implies that χ c (X) = χ c (S) + χ c (U ). The Mayer-Vietoris sequence implies that
One has χ nc (T ) = χ nc (S) (since S is a deformation retract of its tubular neighbourhood T ). The equality χ c (S) = χ nc (S) can be assumed on the basis of induction on the dimension. Let X be the projective closure of X and let S := X \ U . Resolution of singularities of S gives a non-singular closed (quasi-projective) manifold X with a normal crossing divisor S on it such that X \ S = U . The manifold U is diffeomorphic to the complement of a tubular neighbourhood of S. Thus, U is diffeomorphic to the interior of a compact even-dimensional (non-singular) manifold with boundary. This implies that χ c (U ) = χ nc (U ). Therefore, to prove the equality χ c (X) = χ nc (X) it is sufficient to show that χ nc (T ∩ U ) = 0. A resolution of singularities of the subvariety S means that T ∩ U = T \ S is the complement of a divisor with normal crossings in a tubular neighbourhood of this divisor. This implies that T \ S has an open covering such that all its elements and all their intersections are homeomorphic (and even diffeomorphic) to the direct products of certain manifolds and real tori. (Such a covering can be easily constructed from a resolution. Its construction is described, in particular, in [13] and [1] .) This implies that χ nc (T ∩ U ) = 0.
Unless otherwise specified, in what follows we consider the Euler characteristic defined by (2) .
The Macdonald equation (for the Euler characteristic) expresses the generating series of the Euler characteristics of symmetric powers of a space in terms of the Euler characteristic of the space itself. For a topological space X, its nth symmetric power S n X is the quotient of the Cartesian power X n of X by the natural action of the group S n of permutations on n elements: S n X = X n /S n . (In this definition X 0 and S 0 X are spaces consisting of one point.) Note that if X is a complex quasi-projective variety, then so is a symmetric power of it.
Theorem 1 (Macdonald, [45] ). Let X be a locally closed union of cells in a finite CW-complex. Then
Proof. Denote the left-hand side of the equation (3) by ζ (χ) X (t). If Y is a closed subspace of X which is a union of cells of X, then we have
This implies that ζ (χ)
X\Y (t). Therefore, to prove (3) it is sufficient to show that
for an open k-dimensional cell σ k . For k = 0 (that is, for σ 0 = pt) the equation (4) is obvious:
Assume that it has been proved for all k < k 0 . A closed cell σ k0 of dimension k 0 is homotopy equivalent to a point (and is compact). Therefore,
On the other hand, σ k0 can be represented as a (disjoint) union of open cells of dimensions 0, k 0 − 1, and k 0 . Therefore, we have
. A Macdonald type equation for an invariant is an equation which expresses the generating series of the values of the invariant for symmetric powers of a space or their analogues as a power series independent of the space, raised to a power equal to the value of the invariant for the space itself. If the invariant takes non-numerical values, then such an expression usually requires an additional definition. For example, in what follows, the equivariant Euler characteristic (with respect to an action of a finite group G) takes values in the Burnside ring A(G) of G. A construction described below (see § 6) defines a power series with coefficients in the Burnside ring A(G) raised to a power that is also an element of A(G).
The equivariant Euler characteristic
Let X be a (sufficiently nice) topological space with an action of a finite group G. There are several methods for defining equivariant analogues of the Euler characteristic of the G-space X. Probably the most simple (and most straightforward) method involves replacing the dimensions in the equation (2) by the classes of the corresponding G-modules H q c (X; C) (that is, spaces of representations of G) in the ring R(G) of representations of G. Thus, this analogue of the Euler characteristic is defined as an element of R(G). Such an approach was introduced in [57] and was used, for instance, in [58] .
The Euler characteristic of a G-space can be defined as an element of the Burnside ring A(G) of G. The Burnside ring A(G) of a (finite) group G is the Grothendieck ring of finite G-sets. This means that A(G) is the Abelian group generated by the classes [(Y, G)] of finite G-sets modulo the following relations:
Multiplication in A(G) is defined by taking the Cartesian product of sets with the natural (diagonal) G-action. The ring A(G) is the free Abelian group generated by the classes of irreducible G-sets. The latter are in one-to-one correspondence with the classes of conjugate subgroups of G: the conjugacy class [H] of a subgroup H ⊂ G corresponds to the class of the G-set G/H.
For a subgroup G ′ of G, two natural homomorphisms of Abelian groups are defined: which sends a G-set Y to the space of functions on Y with the natural (left) action of the group G: (g * f )(y) = f (g −1 y). This homomorphism is neither a monomorphism nor an epimorphism in general.
Again, let X be a sufficiently nice space with an action of the group G. Before we give a more general definition of the equivariant Euler characteristic with values in the Burnside ring A(G) of G, assume that X is a locally closed union of open simplices in a finite simplicial complex and that each element of G acts as a simplicial map on X. Passing if necessary to the barycentric subdivision of the complex, we may assume that for each simplex any element g of G either sends it to another simplex or acts as the identity on this simplex. The set Y q of simplices of dimension q is a (finite) G-set. 
One can reformulate this definition in other terms. For a point x in the space X with an action of the group G, denote by G x the isotropy subgroup {g ∈ G : gx = x} of x. For a subgroup H of G denote by X H the fixed point set of H (that is, the set of points x such that G x ⊃ H), and denote by X (H) the set of x ∈ X whose isotropy subgroups G x coincide with H. Let Conjsub G be the set of conjugacy classes of subgroups of G. For the conjugacy class [H] of subgroups of G that contains H, we denote by X
[H] the set of points that are fixed with respect to some subgroup conjugate to H and by X ([H]) the set of points x ∈ X whose isotropy subgroups G x are conjugate to H. For a subgroup H ⊂ G, let N G (H) denote the normalizer of H: N G (H) = {g ∈ G : g −1 Hg = H}. In the situation described above (X is a locally closed union of open simplices in a finite simplicial complex), the subspace X 
At the same time, this equation proves that the equivariant Euler characteristic is well defined by (5) , that is, it is independent of the representation of the space as a part of a simplicial complex. It can be used as a definition in a more general setting.
Definition 2. The equivariant Euler characteristic χ G (X) of a G-space X is the element of the Burnside ring A(G) of G given by (6) .
It is easy to see that
The equivariant Euler characteristic possesses the obvious property of additivity: if Y is a closed G-invariant subspace of a G-space X, then
One also has the following analogue of Proposition 2. Let I be an additive invariant with values in an Abelian group R, on the class of spaces homeomorphic to locally closed unions of cells in finite CW-complexes on which the actions of elements of G are cell maps. Then there is a unique Abelian group homomorphism ϕ :
If R is a ring and the invariant I is also multiplicative, then ϕ is a ring homomorphism.
The equivariant Euler characteristic and the Poincaré-Hopf theorem
Let U be a vector field on a closed (compact boundaryless) manifold. An isolated singular point (zero) of the vector field U has a well-known integer-valued invariant, the index. The Poincaré-Hopf theorem states that if U has only isolated singular points (in this case there are finitely many of them), then the sum of the indices of all the singular points is equal to the Euler characteristic of the manifold. (For a compact manifold with boundary, the sum of the indices of the (isolated) singular points of a vector field pointing outwards on the boundary is equal to the Euler characteristic of the manifold, and the sum of the indices of the singular points of a vector field pointing inwards on the boundary is equal to the Euler characteristic of the interior of the manifold.) There is an obvious analogue of the Poincaré-Hopf theorem with 1-forms on a manifold instead of vector fields. (A Riemannian metric on a manifold enables one to identify vector fields and 1-forms. No correspondence of this sort exists on singular (algebraic or analytic) varieties.)
An analogue of the Poincaré-Hopf theorem which considers a G-manifold and the equivariant Euler characteristic was formulated in [44] . Actually, in [44] a formally stronger statement was formulated, where the indices of singular points take values in a certain extension of the Burnside ring, an extension (which is not a ring) which depends on the G-manifold itself. Roughly speaking, the 'Lück-Rosenberg indices' are not local, but depend on the connected components of the submanifolds X (H) (for subgroups H of G) that contain singular points.
On the other hand, there are several generalizations of the notion of the index of a singular point for vector fields or 1-forms on singular (complex analytic or real analytic) varieties. The most general of them (applied in the most general situation) is the so-called radial index. The notion of the radial index of a vector field on a singular variety was inspired by the notion of a radial vector field on a singular variety in [48] and [49] . A formal definition is contained in [23] . A definition of the radial index of a singular point of a 1-form on a singular variety is given in [22] . For vector fields and for 1-forms on closed singular varieties there is a version of the Poincaré-Hopf theorem: see [22] .
Let X be a singular (complex analytic or real analytic) variety with an action of a finite group G. For a G-invariant vector field or a 1-form on X with isolated critical points, the paper [24] defined a notion of the equivariant radial index of a singular point (or, more precisely, of a G-orbit consisting of singular points) as an element of the Burnside ring A(G) of G. For G-invariant vector fields or 1-forms with isolated singular points there is an analogue of the Poincaré-Hopf theorem: the sum of the equivariant radial indices of the singular orbits is equal to the equivariant Euler characteristic of the G-space X (see [24] ).
The generalized ('universal') Euler characteristic
According to Proposition 2, on the class of topological spaces homeomorphic to locally closed unions of cells in finite CW-complexes the Euler characteristic is the unique (topological) invariant (up to proportionality) possessing the additivity property. However, on other algebras of sets the Euler characteristic is not the unique additive invariant. For example, there are other additive invariants on the algebra of complex constructible sets. One example of such an invariant (with values in the ring Z[u, v] of polynomials in two variables) is the Hodge-Deligne polynomial ( [16] , [17] , [15] ). The Hodge-Deligne polynomial e X (u, v) of a complex quasi-projective variety X can be defined by the following two properties:
. These properties easily imply the uniqueness of the Hodge-Deligne polynomial, while its existence is a non-trivial fact. One can see that e X (1, 1) = χ(X). The additivity of the Hodge-Deligne polynomial enables one to extend it from the family of quasi-projective varieties to the algebra of complex constructible sets: the minimal algebra of sets containing complex quasi-projective varieties.
Additive invariants of complex quasi-projective varieties (including the Euler characteristic and the Hodge-Deligne polynomial) are specializations of a universal additive invariant defined in the natural way.
Definition 3. The Grothendieck ring K 0 (V C ) of complex quasi-projective varieties is the Abelian group generated by the classes [X] of all quasi-projective varieties X modulo the following relations: 1) if two varieties X and Y are isomorphic, then
is defined by taking the Cartesian product of varieties. The unity in the ring K 0 (V C ) is the class of a variety consisting of one point.
Remark 2. Here quasi-projective varieties are regarded as sets, not as schemes, that is, without the corresponding structure sheaves. Otherwise the relation 2) makes no sense.
C plays a special role and is denoted by L. The Grothendieck ring K 0 (V C ) is complicated and difficult to understand. For example, in [8] it was shown that L is a divisor of zero in it. (While the natural map Z[L] → K 0 (V C ) is injective.) In some cases (for example, for a definition of motivic integration) we have to consider the localization
] of the Grothendieck ring by the class L and/or a certain completion of this localization.
The class [X] ∈ K 0 (V C ) is a universal additive invariant of quasi-projective varieties in the following sense: any additive invariant is a homomorphism from the Grothendieck ring K 0 (V C ), regarded as an Abelian group, to the values group of the invariant. If an invariant is also multiplicative (in the usual sense, that is, for Cartesian products of varieties), then it is a ring homomorphism from the Grothendieck ring K 0 (V C ) to the values ring of the invariant. Thus, the Euler characteristic and the Hodge-Deligne polynomial are ring homomorphisms to the ring Z of integers and the ring Z[u, v] of polynomials in two variables, respectively. Therefore, the class [X] ∈ K 0 (V C ) can be regarded as a generalized (universal) Euler characteristic of a quasi-projective variety X. Sometimes it is more convenient to use the notation χ g (X) instead of [X] . (This notation indicates that in a certain sense χ g can be regarded as an analogue of a measure (the motivic measure), which gives a meaning to expressions of the type . . . dχ g defined in the theory of motivic integration; see, for example, [43] , [14] , [30] .)
For some problems it is convenient to consider the notion of the Grothendieck semiring S 0 (V C ) of complex quasi-projective varieties by replacing the word 'group' in the definition of the corresponding Grothendieck ring by the word 'semigroup'. Elements of the semiring S 0 (V C ) have a somewhat more geometric sense: they are represented by 'genuine' quasi-projective varieties (not by virtual ones). 
Thus, for example, the classes of the mth symmetric power S m C n of the n-dimensional affine space C n and of the affine space C mn in the semiring S 0 (V C ) coincide, and therefore S m C n and C mn are piecewise isomorphic (see [35] , for example; explicit partitions of these spaces into isomorphic quasi-projective varieties are not known).
Power structures and λ-structures
As we indicated above, a formulation of a Macdonald type equation for a nonnumerical invariant (taking values in some ring R) requires an interpretation of an expression of the form A(t) m , where A(t) = 1 + a 1 t + a 2 t 2 + · · · is a power series with coefficients a i in the ring R, m ∈ R. The meaning of such an expression is given by a so-called power structure over the ring R. This notion was introduced in [31] . In the same paper the most important example was described: a power structure over the Grothendieck ring K 0 (V C ) of complex quasi-projective varieties.
Definition 4.
A power structure over a ring R (a commutative associative ring with unity) is a map
((A(t), m) → (A(t)) m ) that possesses the following properties:
Definition 5. A power structure over the ring R is said to be finitely determined if the condition A 1 (t) − A 2 (t) ∈ m k (that is, the series A 1 (t) and A 2 (t) differ by terms of degree k and higher) implies that
Example 1. The natural (and unique) power structure over the ring Z of integers is defined by the usual formula for a power of a power series:
(see [51] , for example; the same equation determines a power structure over the ring R of real numbers). This power structure is of course finitely determined.
(The ring Z of integers can be regarded as the Grothendieck ring of finite sets; in this sense (7) can be regarded as a particular case of the equation (8) below.)
Example 2 (the main example in [31] ). A power structure over the Grothendieck ring K 0 (V C ) of complex quasi-projective varieties can be defined by the formula
where
. . , and [M ] are the classes of quasi-projective varieties A i and M in the ring K 0 (V C ), ∆ is the 'large diagonal' in M i ki consisting of (ordered) tuples of i k i points in M with at least two coinciding points, and the group S ki of permutations on k i elements acts by simultaneous permutations of the components of the corresponding factor M ki and the components of the factor A ki i . It is useful to compare (8) with the equation (7). The product m(m − 1) · · · m − k i + 1 in (7) is replaced by the space M i ki \ ∆ in (8) . If M is a set of m points, then
is the number of points in M i ki \ ∆. The division by i k i ! is replaced by factorization by the free action of the group i S ki . It is not difficult to see that the application of the definition (8) to finite sets leads to the power structure (7) on the Grothendieck ring of finite sets Z.
A verification of the properties 3)-5) in the definition of a power structure is contained in [31] and is based on the following interpretation of the coefficients of the series on the right-hand side of (8) . Let K be a finite subset of M and let ψ be a map from K to the disjoint union of the quasi-projective varieties A i . On the disjoint union of the A i , i = 1, 2, . . . , we have the natural ('tautological') integer-valued function I taking the value i on the component A i . The sum x∈K I(ψ(x)) will be called the weight of the pair (K, ψ). Then the coefficient of t k in the series on the right-hand side of (8) is the class (in the Grothendieck ring K 0 (V C )) of the configuration space of the pairs (K, ψ) of weight k. This configuration space can be described in other terms in the following way (see [29] ). On a (quasi-projective) variety M we consider particles with integer-valued multiplicities (weights or charges). Each particle has a certain set of internal states.
Moreover, the set of internal states of a particle of multiplicity i is a quasi-projective variety A i . Then the coefficient of t k is represented by the space of states of the particle system with total multiplicity k. The notion of a power structure over the Grothendieck ring K 0 (V C ) gives a convenient language for formulating a number of statements (usually for the generating series of classes of some configuration spaces): see [33] , [34] , [4] , [11] , [10] , for example. The interpretation described is effective for proofs of certain statements formulated in terms of the power structure over the Grothendieck ring of complex quasi-projective varieties (for example, see [32] , [47] ).
Example 3. As indicated above, the Burnside ring A(G) of a (finite) group G is the Grothendieck ring of finite G-sets. If all the spaces A i and M on the left-hand side of the definition (8) are finite G-sets, then all the terms on the right-hand side are also classes of finite G-sets in a natural sense. This means that (8) defines a power structure over the Burnside ring A(G) of the group G.
The Macdonald type equation for the equivariant Euler characteristic is formulated in terms of the power structure described above. Symmetric powers S k X of a space X with an action of the group G are endowed with natural G-actions.
Theorem 2. The following equation holds for a G-space X :
where the right-hand side is defined by the power structure over the Burnside ring A(G).
Remark 3. Note that for a finite G-set X the equation (9) is simply the definition of the right-hand side in terms of the given power structure over the Burnside ring A(G). (In this case χ
Proof of Theorem 2. Denote the left-hand side of the equation (9) by
This follows from the identities
Therefore, it is sufficient to prove (9) for the elements of a decomposition of X into G-invariant subspaces. A 'sufficiently nice' G-space X (say, a real subanalytic space with a subanalytic action of the group G) can be represented as the disjoint union of subspaces of the form 
(see, for instance, [55] , where this was formulated for finite G-CW-complexes), and thus
The equation (9) clearly holds for
As above, let L be the class of the complex affine line A 1 C in the Grothendieck ring K 0 (V C ). An important property of the power structure (8) is as follows.
Proposition 4 (see [31] ). For any non-negative integer s
where t → L s t means the substitution of L s t in place of t in the series. Proposition 5 (see [31] ). For any non-negative integer s
The notion of a power structure is closely connected with the notion of a (pre-) λ-structure on a ring.
Definition 6 (see [42] , for instance). A λ-structure on a ring R (in some papers it is called a pre-λ-structure) is a homomorphism λ : → λ a (t) ) of the additive group of R to the group 1 + tR[[t]] with respect to multiplication (so that λ a+b (t) = λ a (t)λ b (t)) such that λ a (t) = 1 + at + · · · . A ring with a λ-structure is called a λ-ring.
Let R 1 and R 2 be λ-rings and let ϕ : R 1 → R 2 be a ring homomorphism.
Definition 7.
The homomorphism ϕ is a homomorphism of λ-rings if
for a ∈ R 1 , where the action of ϕ on 1 + tR 1 [[t] ] is defined by the formula
To a λ-structure on a ring R there corresponds a (finitely determined) power structure over R defined in the following way. An arbitrary series A(t) ∈ 1 + tR[[t]] can be represented in a unique way as an infinite product
On the other hand, to a power structure over a ring R there correspond a number of λ-structures on R. To any series λ(t) ∈ 1 + tR[[t]] of the form 1 + t + c 2 t 2 + · · · there corresponds the λ-structure defined by λ a (t) := (λ(t)) a . (It is often more natural to choose λ(t) = 1 + t or λ(t) = (1 − t)
) It is not difficult to see that, for the power structure (8), the series (1 − t)
[X] coincides with the so-called Kapranov zeta function of the quasi-projective variety X:
(see [41] ). Thus, the power structure (8) is determined by the λ-structure on K 0 (V C ) given by the Kapranov zeta function. 
The map Exp is an 'additive-to-multiplicative' homomorphism. The map Log is a 'multiplicative-to-additive' homomorphism. Each of these homomorphisms determines the λ-structure on the ring. Therefore, some authors use the homomorphisms Exp and Log instead of the notion of a λ-structure.
An important example is the following λ-structure on the ring Z[u 1 , . . . , u r ] of polynomials in r variables (with integer coefficients). Let
where k = (k 1 , . . . , k r ) and u k := u k1 1 · · · u kr r . Then the series λ P (t) is defined by the formula λ P (t) =
An important property of the power structure defined by (8) is its 'effectiveness' in the following sense. Definition 8. A power structure over the Grothendieck ring of complex quasiprojective varieties is said to be effective if the condition that all the coefficients a i of a series A(t) and the exponent m belong to the Grothendieck semiring S 0 (V C ) of quasi-projective varieties (or, more precisely, to its image in the Grothendieck ring K 0 (V C )) implies that all the coefficients of the series (A(t)) m also belong to the semiring S 0 (V C ).
An analogous definition can be applied to analogues of the Grothendieck ring of complex quasi-projective varieties, for example, to the Grothendieck ring of complex quasi-projective G-varieties or the Grothendieck ring of complex quasi-projective varieties over a fixed variety S (that is, of the pairs (X, ϕ), where X is a complex quasi-projective variety and ϕ is its map to S).
The effectiveness of the power structure (8) follows immediately from its definition: the equation (8) . However, if one starts from the λ-structure on the Grothendieck ring K 0 (V C ) given by the Kapranov zeta function ζ X (t) and defines a power structure over K 0 (V C ) by (11) (as is done in [9] ), then its effectiveness becomes far from obvious. In fact, I do not know a way to prove the effectiveness of this power structure starting from its definition in terms of the Kapranov zeta function without deducing (8) .
The following construction gives an example of a non-effective power structure over the Grothendieck ring of complex quasi-projective varieties K 0 (V C ). Let us consider the λ-structure on K 0 (V C ) defined by the formula λ X (t) := (ζ X (−t)) −1 . (This λ-structure is said to be opposite to the λ-structure defined by the Kapranov zeta function.) With this λ-structure one associates a power structure over K 0 (V C ) in the standard way. Let us show that this power structure is not effective. For the class [M ] of a quasi-projective variety M the series λ [M ] (t) (which is equal to λ 1 (t)
[M ] = (1 + t) [M ] in the sense of the power structure defined by the λ-structure λ X (t)) is inverse to the series
If M is a non-singular elliptic curve C, then the Hodge-Deligne polynomial t)(1 − uvt) ) . This polynomial cannot be the Hodge-Deligne polynomial of a quasi-projective variety since its homogeneous component of highest degree is not of the form ℓ(uv) n with a positive coefficient ℓ. The ring R(G) of representations of a group G (and also its subring R 1 (G) generated by one-dimensional representations of G) is a λ-ring with the λ-structure defined by the equation
where ω is a representation of G and S n ω is its nth symmetric power.
The orbifold Euler characteristic and its analogues of higher orders
The notion of the orbifold Euler characteristic of a (topological) G-space (G is a finite group) was introduced in [20] and [21] .
Let G be a finite group and let X be a (sufficiently nice) G-space. We recall that, for a subgroup H of G, X H denotes the fixed point set of H, X (H) denotes the set of points x whose isotropy subgroups G x coincide with H, and for the conjugacy class [H] of subgroups of G that contains H, X
[H] denotes the set of points which are fixed with respect to some subgroup conjugate to H and X ([H]) denotes the set of points x ∈ X whose isotropy subgroups G x are conjugate to H.
Definition 9. The orbifold Euler characteristic of a pair (X, G) is defined by
where ⟨g, h⟩ is the subgroup generated by the elements g and h.
It is possible to show that the orbifold Euler characteristic is always an integer. This follows, for example, from the fact that it can be defined by the following equation equivalent to (14) . Let Conj G be the set of conjugacy classes of elements of G. For an element g ∈ G its conjugacy class (an element of Conj G) will be denoted by [g]. We will denote the centralizer {h ∈ G : hg = gh} of the element g by C G (g). For a subgroup H of G its centralizer {g ∈ G : ∀ h ∈ H hg = gh} will be denoted by C G (H).
where ⟨g⟩ is the subgroup generated by g.
For the proof we need the following statement.
Proof. We have 
This implies that
Proof of Proposition 6. We have
In [2] and [39] the mathematical meaning of the notion of the orbifold Euler characteristic was discussed. In [2] its interpretation in terms of the equivariant K-theory was given. Let K G 0 (X) be the Grothendieck group (a ring) of vector G-bundles over X, and let K G 1 (X) be the corresponding group of the first order (defined via the suspension). It was shown in [2] that
The relationship of the orbifold Euler characteristic with the corresponding actions on a certain space of paths (or, more precisely, of loops) on X and (for actions on complex manifolds) with the so-called crepant resolutions of the corresponding quotients was discussed in [39] . For g ∈ G denote by L (X, g) the set of paths on X (that is, maps α : R → X) such that α(t + 1) = gα(t). The group G acts on the disjoint union g∈G L (X, g) by the formula (hα)(t) := h α(t) . (Under the action of h the component
The group R of real numbers acts on L (X, G) by the formula (cα)(t) := α(t + c).
(This action can be regarded as an action of the circle, since α(t + |G|) = α(t).) The set F of fixed points of the latter action is
with X g ⊂ X embedded in L (X, G) as the subspace of constant paths. The Euler characteristic of the set F coincides with the orbifold Euler characteristic χ orb (X, G).
Let G be a finite subgroup of SL(n, C), and let C n /G → C n /G be a so-called crepant resolution of the quotient C n /G, that is, a resolution with the trivial relative canonical class (if such a resolution exists). It was shown in [39] that for n = 2 the Euler characteristic of the space C 2 /G of a crepant resolution (which exists in this case) is equal to the orbifold Euler characteristic χ orb (C 2 , G). An analogous statement has also been proved for n = 3. For n > 3 it does not hold in general. An important case in higher dimensions when an analogue of this statement holds is as follows. Let V be a non-singular complex quasi-projective surface, for example, V = C 2 . The nth symmetric power S n V of V is the quotient of the non-singular manifold V n (the Cartesian power) by the permutation group S n . The Hilbert scheme Hilb n V of zero-dimensional subschemes of length n on the surface V is a crepant resolution of the variety S n V . Moreover, χ(Hilb
Euler characteristics of higher orders introduced in [2] and [54] are generalizations of the notion of the orbifold Euler characteristic.
Definition 10. The Euler characteristic of order k of a pair (X, G) is defined in the following two equivalent ways:
where g = (g 0 , g 1 , . . . , g k ), ⟨g⟩ is the subgroup generated by the elements g 0 , g 1 , . . . , g k , and in the second (recursive) definition the Euler characteristic of order 0 is defined as the usual Euler characteristic of the quotient X/G.
It is not difficult to see that the orbifold Euler characteristic χ orb (X, G) is the Euler characteristic of order 1: χ (1) (X, G). The Macdonald type equation for the Euler characteristics of higher order describes their values not for the symmetric powers of a space, but for certain analogues of them. On the Cartesian power X n of a G-space X one has the natural action of the Cartesian power G n of the group G (acting componentwise) and the symmetric group S n (acting by permutation of the factors). They generate an action of the wreath product G n , a semidirect product G n S n of the groups G n and S n . In this context the pair (X n , G n ) plays the role of the nth symmetric power of the pair (X, G). It is not difficult to see that the quotient X n /G n coincides with the nth symmetric power of the quotient X/G. (If G = (e) is the trivial group, then G n is the symmetric group S n with the standard action on the Cartesian power X n .) A Macdonald type equation for the Euler characteristics of higher order was obtained in [54] , Theorem A.
. (18) For k = 0 the equation (18) becomes the usual Macdonald equation (3) for the quotient X/G.
We denote the left-hand side of (18) by X (k) (X,G) . Let the group G act on itself from the left in the natural way (by multiplication by elements of G). Since the only element of G with a non-empty fixed point set is the identity element e and G ⟨e⟩ = G, we have χ (k) (G, G) = 1 for any k 0. This implies that
Therefore, (18) can be written in the form
In [37] there are generalizations of the notion of the orbifold Euler characteristic and the notion of its higher-order analogues for actions of compact Lie groups. For their definition, integration with respect to the Euler characteristic was used instead of summation over the set of conjugacy classes of the elements of a finite group. It was shown that the equation (18) also holds for these generalizations.
The generalized orbifold Euler characteristic and its higher-order analogues
The notions of the generalized orbifold Euler characteristic and of generalized Euler characteristics of higher order can be said to be related to the corresponding 'non-generalized' notions in the same way that the generalized Euler characteristic with values in the Grothendieck ring of complex quasi-projective varieties is related to the usual Euler characteristic with values in the ring of integers. The notion of the generalized orbifold Euler characteristic was essentially introduced in [3] . In that paper the orbifold Hodge-Deligne polynomial of a complex quasi-projective manifold with an action of a (finite) group was defined. (A generalized orbifold Euler characteristic can be said to have been defined there not as an element of the Grothendieck ring K 0 (V C ) of complex quasi-projective varieties (or a suitable modification of it), but as an element of the ring Z[u, v] of polynomials in two variables.) It is not a large step from this definition to the definition of a (universal) generalized orbifold Euler characteristic as an element of a suitable modification of the ring K 0 (V C ).
The definition of the orbifold Hodge-Deligne polynomial in [3] was based on the following definition of the orbifold cohomology groups of a complex quasi-projective (non-singular) G-manifold and of the complex mixed Hodge structure on them.
Let X be a non-singular complex quasi-projective manifold of dimension d with an (algebraic) action of the group G. Let g ∈ G and x ∈ X ⟨g⟩ , that is, x is a fixed point of the action of g on X. The differential dg of the map g is a finite-order automorphism of the tangent space T x X. Its action can be represented by a diagonal matrix with diagonal elements exp(2πiθ j ), where j = 1, 2, . . . , d and the θ j are rational numbers with 0 θ j < 1.
Definition 11 ([59] , [40] ). The 'age' (or 'fermion shift') of the element g at the point x is
Let C G (g) be the centralizer of an element g in G:
The subgroup C G (g) acts on the manifold X ⟨g⟩ of fixed points of g. Assume that its action on the set of connected components of the manifold X ⟨g⟩ has N g orbits, and let X ⟨g⟩ α (α = 1, . . . , N g ) be the union of the components of these orbits. The age of the element g is the same at all points in X ⟨g⟩ α , and we denote it by F ⟨g⟩ α . The orbifold cohomology groups of the pair (X, G) are defined by
part of the cohomology (with compact support). One has the equality
Remark 6. An analogue of (19) is used for the definition of the quantum cohomology groups in quantum singularity theory (FJRW-theory): see [28] , for example.
The space H * (X, G) is endowed with a complex mixed Hodge structure which is defined as follows in terms of the corresponding quotients H k (X, G) p,q (and thus also in terms of the Hodge-Deligne numbers h p,q H k (X, G) ):
and where the spaces on the right-hand side are defined in terms of the usual (complex) mixed Hodge structure on the invariant part of the cohomology groups. By this definition the orbifold Hodge-Deligne polynomial of the pair (X, G) is given by the equation
This definition suggests the following definition from [33] of the generalized orbifold Euler characteristic of a (non-singular) complex quasi-projective manifold X with an action of a group G as an element of a certain modification of the Grothendieck ring of complex quasi-projective varieties. 
is not injective. Therefore, the natural homomorphism
Remark 7. If, in the definitions below, one restricts oneself to non-negative weights ϕ i , then all the objects can be defined as elements of the ring
by adding non-negative rational powers of the class L. The elements of the ring
are in one-to-one correspondence with the finite sums of the form i c i L ri , where the c i are elements of the Grothendieck ring K 0 (V C ), and the r i are rational numbers with 0 r i < 1. Therefore, the natural homomorphism
The notion of the orbifold Hodge-Deligne polynomial (20) suggests the following definition.
Definition 12 [33] . The generalized orbifold Euler characteristic of the pair (X, G) is
An analogue of the generalized orbifold Euler characteristic, defined without the shift F g αg , namely,
also makes sense. This analogue is the so-called inertia stack (or inertia class) I(X, G) of the G-space X. (In this case the quasi-projective variety X may be singular.) This notion suggests the following version of the definition (21).
Definition 13. Let ϕ 1 be a rational number. The generalized orbifold Euler characteristic of weight ϕ 1 of the pair (X, G) is defined as
In this definition the shift F ⟨g⟩ αg is taken with the weight ϕ 1 . For ϕ 1 = 1 we obtain the generalized orbifold Euler characteristic [X, G] in (21) , and for ϕ 1 = 0 we obtain the inertia class I(X, G).
The definition of the generalized orbifold Euler characteristic with a weight and that of the Euler characteristics of higher order suggest the following definition of the generalized Euler characteristics of higher order. As above, let X be a non-singular d-dimensional complex quasi-projective G-manifold and let ϕ = (ϕ 1 , ϕ 2 , . . . ) be a fixed sequence of rational numbers. Definition 14 ([36] ; see also [38] , where there is a clarification of the definition). For a subgroup H ⊂ G and an H-invariant submanifold Y ⊂ X the relative generalized orbifold Euler characteristic of the pair (Y, H) is
αg is the age of the element g at a point of X ⟨g⟩ αg (the age of g is defined via its action on T x X). The relative generalized (orbifold) Euler characteristic of order k and weight ϕ of the pair (Y, H) is defined recursively by
where For the generalized Euler characteristics of higher order we have equations of Macdonald type.
Theorem 4 ([36]
; for the orbifold Euler characteristic, that is, for k = 1, see [33] ). The following equation holds:
Equivariant Euler characteristics of higher orders and their generalized versions
In [38] the case of two commuting actions of finite groups G O and G B on a space was considered. In this case one applies the 'equivariant approach' to one of the actions (of the group G B ) and the 'orbifold approach' to the other action (of G O ). This makes it possible to define analogues of the higher-order Euler characteristics as elements of the Burnside ring of the group G B . The corresponding Macdonald type equation (an analogue of (18)) is formulated in terms of the power structure over the Burnside ring of G B described in § 6. Generalized versions of these notions take values in the Grothendieck ring of varieties with the action of G B , extended, as above, by powers of the class L of the complex affine line.
One encounters this situation, for example, in the following construction. Let (f, G) be a pair consisting of a quasi-homogeneous polynomial f and a group G of its symmetries. Such pairs (with an Abelian group G) are considered, in particular, in the framework of the Berglund-Hübsch-Henningson mirror symmetry theory [6] , [5] . The classical monodromy transformation of the polynomial f can be chosen as the restriction to the Milnor fibre of f of a linear map of finite order. It commutes with the G-action. Thus we have actions of two groups: the group G and the cyclic group generated by the classical monodromy transformation. A study of the orbifold zeta function of the monodromy f leads to the situation when we must apply the 'orbifold approach' to the first action, while to the second action we must apply the 'equivariant approach' (similar to that described in § 3): see [26] , for example.
Let X be a topological space (which is sufficiently nice, say, a subanalytic variety) with commuting actions of finite groups G O and G B (or, equivalently, with an action of the direct product G O ×G B ). The quotient X/G O inherits the natural G B -action, and thus the equivariant Euler characteristic
⟨g⟩ is a G B -invariant subspace, and the quotient X ⟨g⟩ /C G O (g) by the centralizer C G O (g) is equipped with the natural G B -action. 
The equivariant Euler characteristics of higher order are defined recursively like non-equivariant ones.
Definition 16. The equivariant Euler characteristic of order k of the triple
Iterating the definition (28), we can obtain the following equation for the equivariant Euler characteristics of higher orders
where the group G O acts on Hom(Z k , G O ) by conjugation, X ⟨φ⟩ is the fixed point set of the image of the homomorphism φ, and
Example 4. Let X = G O with the left action of the group G O defined by multiplication and with the trivial action of the group G B . It is not difficult to see that
Example 5. Let X = G B and let G O be a subgroup of G B . Let the groups G B and G O act on X by the formulae ga = g · a and ga = a · g −1 , respectively (a ∈ X and g is an element of G B or G O , respectively). It is easy to see that
In order to formulate Macdonald type equations for equivariant Euler characteristics of higher orders, we introduce the following notation:
Theorem 5 [38] .
where the exponent on the right-hand side is defined by the power structure over the Burnside ring A(G B ). 
. Thus, the Grothendieck ring of complex quasi-projective G-varieties in the 'usual' sense is a quotient of the ring considered here. For the case of the trivial group G (that is, for the 'non-equivariant' Grothendieck ring of complex quasi-projective varieties) this relation holds automatically (see [50] , for example). This relation is not necessary for the constructions discussed below. One can say that here we use the Grothendieck ring defined, for example, in [7] and denoted there by K ′ ,G 0 (V C ). The same definition was used in [46] . Equalities valid in the equivariant Grothendieck ring K G 0 (V C ) used here also hold in the 'usual' Grothendieck ring of complex quasi-projective G-varieties.
There is a natural power structure over the equivariant Grothendieck ring K G 0 (V C ). Its geometric description is given by the equation (8), where all the summands on the right-hand side are, in a natural sense, classes of complex quasi-projective G-varieties (if A i and M are complex quasi-projective G-varieties). This power structure is induced by the λ-structure on K G 0 (V C ) defined by the equivariant Kapranov zeta function: for a complex quasi-projective G-variety X one has
where the symmetric powers S k X = X k /S k of the G-variety X carry the natural (diagonal) actions of the group G. The equivariant Euler characteristic defines a λ-ring homomorphism χ G :
. Definitions of the generalized equivariant orbifold Euler characteristic and the generalized equivariant Euler characteristics of higher order are obtained by a natural composition of their non-equivariant and non-generalized analogues. They are defined as elements of the extension K
0 (V C ) by the (rational) powers of the class L. Let X be a non-singular quasi-projective variety of dimension d with commuting (algebraic) actions of two finite groups G O and G B .
The generalized equivariant Euler characteristic of order zero of the triple
Definition 18. For a rational number ϕ 1 ∈ Q the generalized equivariant orbifold Euler characteristic of weight ϕ 1 of the triple (X; 
0,G B is the generalized equivariant Euler characteristic of order 0, defined by (31) . The generalized equivariant Euler characteristic of order k and weight ϕ of the triple (X;
Iterating this definition, one obtains an equation for [X;
which is similar to (29) .
Macdonald type equations for the generalized equivariant Euler characteristics of higher order are given by the following statement.
Theorem 6 [38] . Let X be a non-singular quasi-projective manifold of dimension d with commuting actions of two finite groups G O and G B . Then
Orbifold spectra and the orbifold equivariant Hodge-Deligne polynomial
In the context discussed below, the notion of the spectrum arose in singularity theory for describing the mixed Hodge structure on the vanishing cohomology of a critical point of the germ of a holomorphic function together with the action of the classical monodromy operator on this cohomology ( [53] , [56] ). For a quasi-homogeneous polynomial one can speak about its level set (an affine manifold) with a (holomorphic) automorphism of finite order on it: the classical monodromy transformation.
Let V be a complex quasi-projective variety with a finite-order automorphism ϕ. For a rational number α with 0 α < 1 we denote by H Definition 20 (see [18] , for example). The (Hodge) spectrum hsp(V, ϕ) of the pair (V, ϕ) is defined by hsp(V, ϕ) = k,p,q,α
The spectrum hsp(V, ϕ) can be identified either with the fractional power polynomial (Poincaré polynomial )
or with the equivariant Poincaré polynomial e (V,ϕ) (t) = k,p,q,α is not a ring homomorphism. Therefore, a natural Macdonald type equation for the spectrum is formulated in terms of the equivariant Poincaré polynomial e (V,ϕ) (t). Moreover, a stronger statement can be formulated in terms of the equivariant Hodge-Deligne polynomial of the pair (V, ϕ).
Definition 21 ([19] ; see also [52] ). The equivariant Hodge-Deligne polynomial of the pair (V, ϕ) is e (V,ϕ) (u, v) = k,p,q,α
We have the equality e (V,ϕ) (t) = e (V,ϕ) (t, 1). Let S n V be the nth symmetric power of the variety V . The transformation ϕ : V → V determines a transformation ϕ (n) : S n V → S n V in the natural way.
Theorem 7 (see [12] and [25] ). The equality 1+e (V,ϕ) (u, v)t+e (S 2 V,ϕ (2) ) (u, v)t 2 +e (S 3 V,ϕ (3) ) (u, v)t 3 +· · · = (1−t) −e (V,ϕ) (u,v) (34) holds, where the right-hand side is understood in terms of the power structure over the ring R f (Z) [u, v] .
This statement means that the natural map e . from K Z 0 (V C ) to R f (Z)[u, v] is a λ-ring homomorphism.
Let V be a complex quasi-projective (non-singular) manifold of dimension d with an action of a finite group G and a G-equivariant finite-order automorphism ϕ. The notion of the orbifold spectrum of the triple (V, G, ϕ) can be said to have been inspired by the notion of the orbifold Hodge-Deligne polynomial [3] .
As before, for an element g ∈ G we denote by V ⟨g⟩ the fixed point set {x ∈ V : gx = x} (a submanifold) of g, and by C G (g) = {h ∈ G : h −1 gh = g} ⊂ G the centralizer of g. The subgroup C G (g) acts on the fixed point set X ⟨g⟩ . Let ϕ be the transformation of V ⟨g⟩ /C G (g) induced by the transformation ϕ. For a point x ∈ V ⟨g⟩ , age x (g) was defined in § 8. For a rational number β denote by V ⟨g⟩ β the subspace of V ⟨g⟩ consisting of the points x such that age x (g) = β.
(The subspace V ⟨g⟩ β is a union of connected components of the subspace V ⟨g⟩ .)
Definition 22 (cf. with [27] ). The orbifold spectrum of the triple (V, G, ϕ) is
As above, the spectrum hsp orb (V, G, ϕ) can be identified with the orbifold Poincaré polynomial Definition 23 [25] . The double orbifold spectrum hsp The following statement contains the Macdonald type equations for the indicated orbifold spectra. 
where the right-hand side is understood in the sense of the power structure over the ring R f (Z) [u, v] [(uv) 1/m ]. In the situation described, Versions of the double and triple orbifold spectra of higher order and the corresponding Macdonald type equations are given in [25] .
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